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Nonlogarithmic divergence of a deflection angle by a marginally unstable photon
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Static, spherically symmetric black holes and compact objects without an event horizon have
unstable (stable) circular orbits of a light called photon (antiphoton) sphere. A Damour-Solodukhin
wormhole has been suggested as a simple black hole mimicker and the difference of its metric tensors
from a black hole is described by a dimensionless parameter λ. The wormhole with two flat regions
has two photon spheres and an antiphoton sphere for λ <
√
2/2 and a photon sphere for λ ≥ √2/2.
When the parameter λ is
√
2/2, the photon sphere is marginally unstable because of degeneration
of the photon spheres and antiphoton sphere. We investigate gravitational lensing by the wormhole
in weak and strong gravitational fields. We find that the deflection angle of a light ray reflected
by the marginally unstable photon sphere diverges nonlogarithmically in a strong deflection limit
for λ =
√
2/2, while the deflection angle reflected by the photon sphere diverges logarithmically
for λ 6= √2/2. We extend a strong deflection limit analysis for the nonlogarithmic divergence case.
We expect that our method can be applied for gravitational lenses by marginally unstable photon
spheres of various compact objects.
I. INTRODUCTION
Recently, LIGO and VIRGO Collaborations have re-
ported the direct detection of gravitational waves from
black holes [1, 2] and Event Horizon Telescope Collabo-
ration has reported the ring image of supermassive black
hole candidates at the center of a giant elliptical galaxy
M87 [3]. The black holes and the other compact objects
with a strong gravitational field described by general rela-
tivity will be more important to understand our universe.
It is well known that static, spherically symmetric com-
pact objects have unstable (stable) circular photon or-
bit called photon (antiphoton) sphere [4, 5]. The up-
per bound of the radius of the (anti)photon sphere of
the static, spherically symmetric black hole under the
weak energy condition is given by r = 3M , where M is
the mass of the black hole [6]. The (anti)photon sphere
has important roles in several phenomena in a strong
gravitational field: Light rays emitted by a source and
reflected by the photon sphere make infinite number of
dim images [7–18], which are named relativistic images in
Ref. [14], on the both sides of the photon sphere and we
can survey the compact object with the photon sphere
by the images even if the compact objects themselves do
not emit light rays. The photon sphere can be observed
during a collapsing star to be a black hole [19–21]. The
photon sphere has strong influence on the high-frequency
behavior of the photon absorption cross section [22, 23]
and the high-frequency spectrum of quasinormal modes
of compact objects [24–26]. An observer moving on the
photon sphere feels no centrifugal force and no gyroscopic
precession [27–30] and it is the fastest way to circle a
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static, spherically symmetric black hole for massless par-
ticles [31]. The photon sphere is correspond to Bondi’s
sonic horizon of a radial fluid [32–37].
Stability of light rings, i.e., circular photon orbits [38],
of compact objects are an important property of the
spacetime. Instability of the compact objects with the
stable light rings has been concerned since they cause the
slow decay of linear waves [39–41]. The numbers of light
rings of stationary, axisymmetic compact objects with-
out an event horizon under energy conditions are two at
least, they are even number in general, and the inner light
ring is stable [42]. Hod has shown that spherically sym-
metric compact objects without an event horizon have
odd number light rings because of degeneration [43]. We
note that we cannot apply the theorem of the number of
the light rings for wormholes since a trivial topology has
been assumed in Refs. [42, 43].
General relativity permits the wormholes which can
have nontrivial topological structures [44, 45]. The
wormholes have a throat which connects two regions
of one universe or two universes. Gravitational lens-
ing [5, 46, 47] is used to find dark gravitating objects like
wormholes. However, we cannot distinguish the worm-
hole with a positive mass from other massive objects such
as a black hole under a weak-field approximation. There-
fore, we must rely on the observation near the throat or
the photon sphere in a strong gravitational field such as
gravitational lensing of light rays scatter by the throat
or the photon sphere [17, 48–59], visualizations [60, 61],
shadows in an accretion gas [62–64], wave optics [65], and
gravitational waves [66] to distinguish wormhole from the
other compact objects.
A Damour-Solodukhin wormhole [67] has been sug-
gested as a black hole mimicker. Its metric was cre-
ated by making a slight modification to the Schwarzschild
metric and it can be the simplest metric among black
2hole mimickers. The difference of the metric from the
Schwarzschild spacetime is described by a positive dimen-
sionless parameter λ. Lemos and Zaslavskii have pointed
out that we can distinguish the wormhole from the black
hole by a tidal force acting on a body near the throat even
if the difference of the metric tensors of the wormhole
from the black hole is small, i.e., λ ≪ 1 [68]. Emissions
from its accretion disk [69], quasinormal modes and grav-
itational waves [70, 71], images of its accretion disks [72],
shadow [73], gravitational lensing [74–78], and particle
collision [79] in the Damour-Solodukhin wormhole space-
time have been investigated.
Gravitational lensing in a strong deflection limit, which
is a semianalytic formalism for gravitational lensing of a
light ray reflected by the photon sphere, has been inves-
tigated by Bozza [16]. The deflection angle αdef of the
light ray in the strong deflection limit has the following
form
αdef(b) = −a¯ log
(
b
bm
− 1
)
+ b¯
+O
((
b
bm
− 1
)
log
(
b
bm
− 1
))
(1.1)
or
αdef(θ) = −a¯ log
(
θ
θ∞
− 1
)
+ b¯
+O
((
θ
θ∞
− 1
)
log
(
θ
θ∞
− 1
))
, (1.2)
where b and bm are the impact parameter and the crit-
ical impact parameter of the light ray, respectively, θ is
an image angle, θ∞ ≡ bm/DOL is the image angle of the
photon sphere, where DOL is a distance between an ob-
server and a lens object, and a¯ is a positive parameter
and b¯ is a parameter. We can assume that the impact
parameter b is non-negative without loss of generality
when we treat one light ray in a spherically symmetric
spacetime. The analysis in the strong deflection limit
has been improved [54, 57, 58, 80–85] and its relations to
high-energy absorption cross section [86] and to quasinor-
mal modes [87] have been investigated. Recently, Shaikh
et al. have considered the deflection angle of light rays
scattered by a photon sphere at the throat of a worm-
hole [58, 59].
The deflection angle of a light ray scattered by a pho-
ton sphere of the Damour-Solodukhin wormhole in the
strong deflection limit was obtained by Nandi et al. [74],
Ovgun [75], and Bhattacharya and Karimov [76] when
the wormhole metric is similar to the black hole, i.e., for
λ <
√
2/2. In Ref. [76], Bhattacharya and Karimov have
pointed out that b¯ by Ovgun [75] is in error.
In this paper, firstly we reexamine the deflection an-
gle of the light ray scattered by the photon spheres of
the Damour-Solodukhin wormhole for λ <
√
2/2. We
recover Bhattacharya and Karimov’s result [76] and we
give a small modification for calculation in [74]. Secondly
we extend the analysis for λ ≥ √2/2. The deflection an-
gles diverge logarithmically in the strong deflection limit
if the dimensionless parameter λ 6= √2/2. Interestingly,
we have found that the deflection angle of a light ray
scattered by a marginally unstable photon sphere at the
throat diverges nonlogarithmically for λ =
√
2/2. We
construct the strong deflection limit analysis for the de-
flection angle with a nonlogarithmic divergence in the
Damour-Solodukhin wormhole spacetime.
This paper is organized as follows. In Sec. II, we re-
view the Damour-Solodukhin wormhole spacetime. In
Secs. III and IV, we investigate the deflection angle and
observables, respectively, in the strong deflection limit.
We review the gravitational lensing under a weak-field
approximation in Sec. V and we summarize our result
in Sec. VI. In Appendixes A and B, the Arnowitt-Deser-
Misner (ADM) masses and the violation of energy con-
ditions of the Damour-Solodukhin wormhole are shown,
respectively. In this paper we use the units in which a
light speed and Newton’s constant are unity.
II. DAMOUR-SOLODUKHIN WORMHOLE
SPACETIME
In this section, we review the trajectory of a light ray
and its deflection angle αdef in a Damour-Solodukhin
wormhole spacetime [67] with a line element given by,
in coordinates (t˜, r, ϑ, ϕ),
ds2 = −
(
1− 2M˜
r
+ λ2
)
dt˜2 +
dr2
1− 2M˜
r
+r2
(
dϑ2 + sin2 ϑdϕ2
)
, (2.1)
where λ and M˜ are positive parameters and the radial
coordinate r is defined in a range 2M˜ ≤ r <∞. A throat
exists at r = rth ≡ 2M˜ . The wormhole spacetime can
take different values of the parameters M˜ and λ in two
asymptotically flat regions. For simplicity, we assume the
equal parameters in the both regions. The line element
is the same the one in the Schwarzschild spacetime in a
limit λ → 0 and it is the same as the static case of a
Kerr-like wormhole [70]. Bozza has considered the de-
flection angle of a light ray in the strong deflection limit
in a general asymptotically flat, static, and spherically
symmetric spacetime with its metric tensor behaving
lim
r→∞
gtt → −
(
1 +
2M
r
)
, (2.2)
lim
r→∞
grr → 1− 2M
r
, (2.3)
lim
r→∞
gϑϑ = lim
r→∞
gϕϕ
sin2 ϑ
→ r2, (2.4)
where t is a time coordinate and M is a positive parame-
ter [16]. The Damour-Solodukhin wormhole spacetime is
an asymptotically flat, static, and spherically symmetric
spacetime but the (t˜, t˜)-component of the metric tensor
gt˜t˜ (2.1) does not satisfy the assumption (2.2). We no-
tice that (t˜, t˜)-component of the metric tensor gt˜t˜ shown
3in Eq. (2.1) behaving asymptotically
lim
r→∞
gt˜t˜ → −(1 + λ2) (2.5)
is not suitable for a variable z defined in Sec. III. Thus,
we introduce a new time coordinate t and a positive pa-
rameter M which are defined by
t ≡ t˜√
1 + λ2
(2.6)
and
M ≡ M˜
1 + λ2
, (2.7)
respectively, to satisfy the assumption (2.2). By using t
and M , the line element (2.1) is rewritten in
ds2 = −A(r)dt2 +B(r)dr2 + C(r) (dϑ2 + sin2 ϑdϕ2) ,
(2.8)
where A(r), B(r), and C(r) are given by
A(r) ≡ 1− 2M
r
, (2.9)
B(r) ≡
[
1− 2M(1 + λ
2)
r
]−1
, (2.10)
and
C(r) ≡ r2, (2.11)
respectively. 1 Notice that rth is rewritten as rth =
2M(1 + λ2). Since the spacetime is a static, spheri-
cally symmetric spacetime, there are time-translational
and axial Killing vectors tµ∂µ = ∂t and ϕ
µ∂µ = ∂ϕ, re-
spectively.
From kµkµ = 0, where k
µ ≡ x˙µ is the wave number of
a light ray and where the dot denotes the differentiation
with respect to an affine parameter, the trajectory of the
light ray is obtained as
−A(r)t˙2 +B(r)r˙2 + C(r)ϕ˙2 = 0. (2.12)
Here we have set ϑ = pi/2 without loss of generality.
Equation (2.12) can be expressed as
r˙2 + V˜ (r) = 0, (2.13)
where the effective potential V˜ (r) is defined by
V˜ (r) ≡ − E
2
B(r)
(
1
A(r)
− b
2
C(r)
)
, (2.14)
where b ≡ L/E is the impact parameter of the light ray
and the conserved energy E ≡ −gµνtµkν and the con-
served angular momentum L ≡ gµνϕµkν of the light ray
1 The metric tensor (2.8) does not satisfy the condition (2.3) but
it does not give us troubles to define the variable z.
are constant along the trajectory. Since V˜ (r) → E2 > 0
in spatial infinity r→∞, the light ray exists there.
By introducing a proper radial distance l from the
throat given by
l ≡
∫ r
rth
√
B(r)dr
=
√
r2 − 2M (1 + λ2) r
+M
(
1 + λ2
)
log
r −M(1 + λ2) +
√
r2 − 2M(1 + λ2)r
M(1 + λ2)
,
(2.15)
the line element, the equation of trajectory of the light
ray, and the effective potential are rewritten in
ds2 = −
(
1− 2M
r(l)
)
dt2 + dl2 + r2(l)
(
dϑ2 + sin2 ϑdϕ2
)
,
(2.16)
l˙2 + v˜(l) = 0, (2.17)
and
v˜(l) ≡ −E2
(
1
A(l)
− b
2
C(l)
)
, (2.18)
respectively. Note that the proper radial distance l is
defined in a range −∞ < l < ∞ and the throat is at
l = 0.
From v˜ = dv˜
dl
= 0, we get the circular light or-
bits with b = 2M(1 + λ2)
3
2 /λ and b = 3
√
3M at
r = rth = 2M(1 + λ
2) and r = 3M , respectively. From
straightforward calculations, we obtain d
2v˜
dl2
∣∣∣
r=rth
> 0 for
λ <
√
2/2 and d
2v˜
dl2
∣∣∣
r=rth
≤ 0 for λ ≥ √2/2. Therefore,
the throat is a photon (antiphoton) sphere for λ <
√
2/2
(λ >
√
2/2) and the photon sphere is marginally unstable
for λ =
√
2/2. Figure 1 shows the dimensionless effec-
tive potential v ≡ v˜/E2 for the (marginally unstable)
photon sphere and antiphoton sphere. The circular or-
bit of a light ray with b = 3
√
3 at r = 3M is unstable
for λ ≤ √2/2, i.e., it is a photon sphere. Notice that
the wormhole has two asymptotically flat regions and it
has two photon spheres at r = 3M for λ <
√
2/2. The
photon spheres at r = 3M and the antiphoton sphere
at the throat r = rth = 2M(1 + λ
2) degenerate to be a
marginally unstable photon sphere at the throat just for
λ =
√
2/2. The wormhole has only one photon sphere at
the throat for λ >
√
2/2.
As shown Fig. 2, we can classify the light ray which
coming from a spatial infinity into a falling case with
b < bm, a critical case with b = bm, and a scattered case
with b < bm. Here the critical impact parameter bm is
defined by
bm ≡ lim
r0→rm
b(r0) =
√
Cm
Am
, (2.19)
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FIG. 1. A dimensionless effective potential v(l) as a function
of a proper distance l from the throat. It shows a (anti)photon
sphere at the throat. The solid (red), broken (green), and
dotted (magenta) curves denote the effective potential v(l)
when λ = 0.4,
√
2/2, and 1, respectively. We have set M = 1
and b = 2M(1 + λ2)
3
2 /λ.
where r0 is the closest distance of the light ray and here-
after subscriptm denotes quantities of the photon sphere
at r = rm.
We concentrate on the scattered case. In this case, a
light ray comes from a spatial infinity, it is deflected by
the wormhole at a reflection point r = r0, and it goes
back to the same spatial infinity. The reflection point is
obtained as the largest positive solution of the equation
v(l) = 0 or V (r) = 0. At the reflection point r = r0, the
equation of the trajectory (2.12) gives
A0t˙
2
0 = C0ϕ˙
2
0, (2.20)
where the subscript 0 denotes the quantity at r = r0.
The impact parameter b = b(r0) is expressed by
b(r0) =
L
E
=
C0ϕ˙0
A0t˙0
=
√
C0
A0
. (2.21)
Here we have used Eq. (2.20).
From Eq. (2.12), the deflection angle αdef(r0) of the
light ray as a function of the reflection point r0 is ob-
tained as
αdef(r0) ≡ I(r0)− pi, (2.22)
where I(r0) is defined by
I(r0) ≡ 2
∫ ∞
r0
√
B(r)dr√
C(r)
√
C(r)A0
A(r)C0
− 1
= 2
∫ ∞
r0
bdr
C(r)
√
−V (r)
= 2
∫ ∞
l0
bdl
C(l)
√
−v(l) , (2.23)
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FIG. 2. A dimensionless effective potential v(l) as a function
of a proper distance l from the throat. The solid (red), bro-
ken (green), and dotted (magenta) curves denote the effective
potential v(l) in scattered (b = 8M), critical (b = 3
√
3M),
and falling (b = 2M) cases, respectively. The upper and lower
panels show cases with λ = 0.1 and λ =
√
2/2, respectively.
All the cases, we have set M = 1. The effective potential
v(l) for λ >
√
2/2 has a quietly similar shape to the one for
λ =
√
2/2.
where V (r) ≡ V˜ (r)/E2 is a dimensionless effective poten-
tial in the radial coordinate r and where l0 ≡ l(r)|r=r0
is the position of the reflection point in the radial coor-
dinate l.
III. DEFLECTION ANGLE IN A STRONG
DEFLECTION LIMIT
In this section, we investigate the deflection angle in
the strong deflection limit r0 → rm or b→ bm. We treat
it in the cases for λ <
√
2/2, λ >
√
2/2, and λ =
√
2/2
in this order. In the strong deflection limit b → bm, the
deflection angle of the light ray in a strong deflection is
5expressed by a following form [16]: 2
αdef(b) = −a¯ log
(
b
bm
− 1
)
+ b¯
+O
((
b
bm
− 1
)
log
(
b
bm
− 1
))
. (3.1)
We introduce a variable z [16] defined by
z ≡ A(r) −A0
1−A0 = 1−
r0
r
. (3.2)
A. λ <
√
2/2
In the case for λ <
√
2/2, the photon sphere is at
r = rm = 3M and the critical impact parameter bm is
given by bm = 3
√
3M . By using z, we rewrite I(r0) as
I(r0) =
∫ 1
0
R(z, r0)f(z, r0)dz, (3.3)
where R(z, r0) is given by
R(z, r0) ≡ 2
√
AB
A′C
(1−A0)
√
C0
= 2
√
r0 − 2M(1− z)
r0 − 2M(1 + λ2)(1 − z) , (3.4)
where ′ is the differentiation with respect to r and f(z, r0)
is given by
f(z, r0) ≡ 1√
A0 − [(1 −A0)z +A0] C0C
=
1√
α0z + β0z2 − 2Mr0 z3
,
(3.5)
and α0 and β0 are defined by
α0 = α(r0) ≡ 2− 6M
r0
, (3.6)
β0 = β(r0) ≡ −1 + 6M
r0
. (3.7)
R(z, r0) is regular but f(z, r0) diverges in a limit z → 0.
We define f0(z, r0) as
f0(z, r0) ≡ 1√
α0z + β0z2
. (3.8)
Since αm = 0 and βm = 1, the integral of f0(z, r0) di-
verges in the strong deflection limit r0 → rm. By using
2 The subleading term is O(b− bm) in Ref. [16] but we should read
it as O
((
b
bm
− 1
)
log
(
b
bm
− 1
))
. See Refs. [54, 80, 88].
f0(z, r0), we separate I(r0) into a divergent part ID(r0)
and a regular part IR(r0):
I(r0) = ID(r0) + IR(r0), (3.9)
where
ID(r0) =
∫ 1
0
R(0, rm)f0(z, r0)dz, (3.10)
IR(r0) =
∫ 1
0
g(z, r0)dz, (3.11)
where g(z, r0) is defined by
g(z, r0) ≡ R(z, r0)f(z, r0)− R(0, rm)f0(z, r0).(3.12)
The divergent part ID(r0) can be integrated and it be-
comes
ID(r0) =
2R(0, rm)√
β0
log
√
β0 +
√
α0 + β0√
α0
. (3.13)
We expand α0 and β0 in powers of (r0 − rm):
α0 =
2
3M
(r0 − rm) +O
(
(r0 − rm)2
)
, (3.14)
β0 = 1 +O (r0 − rm) . (3.15)
By substituting them into Eq. (3.13), we obtain
ID(r0) = − 2√
1− 2λ2 log
(
r0
rm
− 1
)
+
2 log 2√
1− 2λ2
+O
((
r0
rm
− 1
)
log
(
r0
rm
− 1
))
. (3.16)
By using the impact parameter b expanded in powers
of (r0 − rm) obtained as
b = bm +
√
3
2M
(r0 − rm)2 +O
(
(r0 − rm)3
)
, (3.17)
we can rewrite ID = ID(b) as
ID(b) = − 1√
1− 2λ2 log
(
b
bm
− 1
)
+
log 6√
1− 2λ2
+O
((
b
bm
− 1
)
log
(
b
bm
− 1
))
. (3.18)
The regular part IR(r0) can be expanded in powers of
(r0 − rm) and it is expressed by
IR(r0) =
∞∑
j=0
1
j!
(r0 − rm)j
∫ 1
0
∂jg
∂rj0
∣∣∣∣∣
r0=rm
dz. (3.19)
We are interested in j = 0 term:
IR(r0) =
∫ 1
0
g(z, rm)dz
+O
((
r0
rm
− 1
)
log
(
r0
rm
− 1
))
, (3.20)
6where g(z, rm) is given by
g(z, rm) =
2
√
3 + 6z
z
√
1− 2λ2 + 2(1 + λ2)z√3− 2z
− 2
z
√
1− 2λ2 . (3.21)
Thus, we have obtained the deflection angle αdef(b) of
the light ray in the strong deflection limit b→ bm in the
form of Eq. (3.1) with
a¯ =
1√
1− 2λ2 , (3.22)
b¯ =
log 6√
1− 2λ2 + IR − pi. (3.23)
This is the same as the deflection angle obtained by Bhat-
tacharya and Karimov [76]. We plot a¯ and b¯ for λ 6= √2/2
in Fig. 3.
−4
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0
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d
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FIG. 3. a¯ and b¯. The solid (red) and dashed (green) curves
denote a¯ and b¯, respectively. In a limit λ→ √2/2, we obtain
a¯→∞ and b¯→ −∞.
We comment on the details of earlier work on it. First,
the deflection angle in the strong deflection limit was cal-
culated by Nandi et al. [74]. They considered the metric
tensor (2.1) in the coordinates (t˜, r, ϑ, ϕ) and they defined
the variable 3
z[74] ≡
gt˜t˜(r)− gt˜t˜(r0)
1− gt˜t˜(r0)
=
2M˜
2M˜ − λ2r0
(
1− r0
r
)
.(3.24)
Note that the integration range of Eq. (2.10) in Ref. [74],
0 ≤ z[74] ≤ 1 should be modified to be
0 ≤ z[74] ≤
2M˜
2M˜ − λ2r0
. (3.25)
3 Note that we use (−,+,+,+), while Nandi et al. have used
(+,−,−,−) [74].
The error affects to b¯ and the difference is small when λ
is small as shown Table I. Their results in Ref. [74] will
be valid since they discussed in the case of λ≪ 1.
TABLE I. Parameters a¯ and b¯ as a function with respect to
λ. We have obtained the same a¯ as Ref. [74]. We compare
b¯[74] obtained in Ref. [74] and b¯ obtained from Eq. (3.23).
λ a¯ b¯[74] b¯
0 1.0000 −0.4002 −0.4002
0.001 1.0000 −0.4002 −0.4002
0.01 1.0001 −0.4008 −0.4004
0.02 1.0004 −0.4028 −0.4007
0.03 1.0009 −0.4046 −0.4014
0.04 1.0016 −0.4105 −0.4022
0.05 1.0025 −0.4163 −0.4034
The deflection angle was calculated also by Ovgun [75],
in the coordinates (t, r, ϕ, ϑ),
b¯ =
log(6)
√−2λ2 + 1
log(10)2λ2 − 1 + rm − pi. (3.26)
See Eq. (2.32) in Ref. [75]. Bhattacharya and Karimov
pointed out that b¯ obtained in Ref. [75], i.e., Eq. (3.26),
is in error [76].
B. λ >
√
2/2
We consider the case of λ >
√
2/2. In this case, the
throat is the photon sphere at r = rm = rth = 2M(1+λ
2)
and the critical impact parameter is bm = 2M(1+λ
2)
3
2 /λ.
We notice that the regular factor R(z, rm) is given by
R(z, rm) = 2
√
λ2 + z
(1 + λ2)z
(3.27)
and the form of z−
1
2 is not suitable for analysis of the
strong deflection limit. Thus, we express I(r0) as
I(r0) =
∫ 1
0
S(z, r0)h(z, r0)dz, (3.28)
where a new regular factor S(z, r0) and a new divergent
factor h(z, r0) are given by
S(z, r0) ≡ 2
√
r0 − 2M(1− z) (3.29)
and
h(z, r0) ≡√√√√ 1
γ0z + η0z2 +
[
− 2M(r0−rm)
r0
+ rmβ0
]
z3 − 2Mrm
r0
z4
,
(3.30)
7where γ0 and η0 are defined as
γ0 = γ(r0) ≡ (r0 − rm)α0, (3.31)
η0 = η(r0) ≡ (r0 − rm)β0 + rmα0. (3.32)
Notice that αm = (−1 + 2λ2)/(1 + λ2) and βm = (2 −
λ2)/(1 + λ2) in the case of λ >
√
2/2. Since we obtain
γm = 0 and ηm = 2M(2λ
2 − 1), the integral of h0(z, r0)
defined as
h0(z, r0) ≡
√
1
γ0z + η0z2
(3.33)
gives the divergent part of I(r0) in the strong deflection
limit r0 → rm. We separate I(r0) into the divergent part
Id(r0) and a regular part Ir(r0), i.e.,
I(r0) = Id(r0) + Ir(r0), (3.34)
where
Id(r0) =
∫ 1
0
S(0, rm)h0(z, r0)dz, (3.35)
Ir(r0) =
∫ 1
0
k(z, r0)dz. (3.36)
Here, k(z, r0) is
k(z, r0) ≡ S(z, r0)h(z, r0)− S(0, rm)h0(z, r0).(3.37)
The divergent part Id(r0) can be integrated and we
obtain
Id(r0) =
2S(0, rm)√
η0
log
√
η0 +
√
γ0 + η0√
γ0
. (3.38)
By substituting γ0 and η0 expanded in powers of (r0−rm)
as
γ0 = αm(r0 − rm) +O
(
(r0 − rm)2
)
, (3.39)
η0 = 2M(2λ
2 − 1) +O (r0 − rm) (3.40)
into Eq. (3.38), we obtain
Id(r0) = − 2λ√
2λ2 − 1 log
(
r0
rm
− 1
)
+
4λ log 2√
2λ2 − 1
+O
((
r0
rm
− 1
)
log
(
r0
rm
− 1
))
. (3.41)
From the impact parameter b which is expanded in pow-
ers of (r0 − rm) as
b = bm +
(2λ2 − 1)√1 + λ2
2λ3
(r0 − rm) +O
(
(r0 − rm)2
)
,
(3.42)
we obtain Id = Id(b) as
Id(b) = − 2λ√
2λ2 − 1 log
(
b
bm
− 1
)
+
2λ√
2λ2 − 1 log
2(2λ2 − 1)
λ2
+O
((
b
bm
− 1
)
log
(
b
bm
− 1
))
. (3.43)
The regular part Ir(r0) can be expanded in powers
of (r0 − rm) as
Ir(r0) =
∞∑
j=0
1
j!
(r0 − rm)j
∫ 1
0
∂jk
∂rj0
∣∣∣∣∣
r0=rm
dz (3.44)
and the term of j = 0 gives
Ir(r0) =
∫ 1
0
k(z, rm)dz
+O
((
r0
rm
− 1
)
log
(
r0
rm
− 1
))
, (3.45)
where k(z, rm) is given by
k(z, rm) = 2
√
λ2 + z
(2λ2 − 1)z2 + (2 − λ2)z3 − z4 −
2λ
z
√
2λ2 − 1 .
(3.46)
Therefore, we have obtained
a¯ =
2λ√
2λ2 − 1 , (3.47)
b¯ =
2λ√
2λ2 − 1 log
2(2λ2 − 1)
λ2
+ Ir − pi. (3.48)
C. λ =
√
2/2
In the case of λ =
√
2/2, the throat corresponds with
the photon sphere, i.e., rm = rth = 3M . The critical
impact parameter bm is given by bm = 3
√
3M . From
αm = γm = ηm = 0 and βm = 1, when r0 = rm, the
divergent factor h(z, r0) gives
h(z, rm) =
√
1
3Mz3 − 2Mz4 (3.49)
and it causes the integral I to diverge as
I ∼ z− 12
∣∣∣
z=0
. (3.50)
This implies that I(r0) has the following form, in the
strong deflection limit r0 → rm = 3M ,
I(r0) =
A√
r0
rm
− 1
+ B +O
(√
r0
rm
− 1
)
, (3.51)
where A and B are constant.
We separate the integral I as
I = ID + IR, (3.52)
where a divergent part ID and a regular part IR are de-
fined by
ID ≡
∫ 1
0
S(0, rm)h(z, rm)dz, (3.53)
IR ≡
∫ 1
0
q(z, r0)dz, (3.54)
8respectively, and where
q(z, r0) ≡ S(z, r0)h(z, r0)− S(0, rm)h(z, rm).(3.55)
The divergent part ID can be integrated as
ID ∼ 4√
3z
∣∣∣∣
z=0
− 4
3
=
4
√
3
3
√
r0
rm
− 1
− 4
3
+O
(√
r0
rm
− 1
)
. (3.56)
From Eq. (3.17), ID = ID(b) is given by
ID(b) =
2
7
4 3−
1
4(
b
bm
− 1
) 1
4
− 4
3
+O
((
b
bm
− 1
) 3
4
)
.(3.57)
The regular part IR(r0) can be expanded in powers of
(r0 − rm) as
IR(r0) =
∞∑
j=0
1
j!
(r0 − rm)j
∫ 1
0
∂jq
∂rj0
∣∣∣∣∣
r0=rm
dz (3.58)
and the term of j = 0 gives
IR(r0) =
∫ 1
0
q(z, rm)dz +O
(√
r0
rm
− 1
)
, (3.59)
where q(z, rm) is given by
q(z, rm) =
2
(√
1 + 2z − 1)
z
√
3z − 2z2 . (3.60)
We obtain IR(rm) = 2.3671 in a numerical calculation.
Therefore, the deflection angle of the light in the strong
deflection limit is obtained as
αdef(b) =
c¯(
b
bm
− 1
) 1
4
+ d¯+O
((
b
bm
− 1
) 3
4
)
,(3.61)
where c¯ and d¯ are given by
c¯ ≡ 2 74 3− 14 = 2.5558
d¯ ≡ −4
3
+ IR(rm)− pi = −2.1078. (3.62)
IV. OBSERVABLES IN THE STRONG
DEFLECTION LIMIT
We consider a small angle lens equation [89]
DLSα¯ = DOS(θ − φ), (4.1)
where DLS and DOS are angular distances between a lens
object and a source object and between the observer and
the source object, respectively, α¯ is an effective deflection
angle defined by
α¯ ≡ αdef mod 2pi, (4.2)
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FIG. 4. Lens configuration. A light ray, which is emitted
by a source S with a source angle φ and reflected by a lens
L with a deflection angle αdef and an impact parameter b,
reaches an observer O. The observer sees an image I with an
image angle θ. Here, α¯ = αdef−2pin is the effective deflection
angle of the light with a winding number n. DOS, DLS, and
DOL = DOS − DLS are distances between the observer and
the source, the lens and the source, and the observer and the
lens, respectively.
θ is an image angle, and φ is a source angle as shown
Fig. 4. Here, we have assumed that all the angles are
small, i.e., α¯, θ, φ≪ 1. Under the assumption, an impact
parameter b is expressed by b = θDOL, where DOL =
DOS −DLS is an angular distance between the observer
and the lens.
We can express the deflection angle αdef of a light ray
which rotates around the photon sphere n times as
αdef = α¯+ 2pin, (4.3)
where the winding number n is a positive integer in this
section and n = 0 in Sec. V. We define θ0n as
αdef(θ
0
n) = 2pin. (4.4)
We expand the deflection angle αdef(θ) around θ = θ
0
n as
αdef(θ) = αdef(θ
0
n) +
dαdef
dθ
∣∣∣∣
θ=θ0
n
(
θ − θ0n
)
+O
((
θ − θ0n
)2)
. (4.5)
9A. λ 6= √2/2
For λ 6= √2/2, we can rewrite the deflection angle in
the strong deflection limit as
αdef(θ) = −a¯ log
(
θ
θ∞
− 1
)
+ b¯
+O
((
θ
θ∞
− 1
)
log
(
θ
θ∞
− 1
))
, (4.6)
where θ∞ ≡ bm/DOL is the image angle of the photon
sphere 4. In this case, we obtain
dαdef
dθ
∣∣∣∣
θ=θ0
n
= − a¯
θ0n − θ∞
(4.7)
and, from Eqs. (4.4) and (4.6),
θ0n =
[
1 + exp
(
b¯− 2pin
a¯
)]
θ∞. (4.8)
We consider the solution θ = θn of the lens equa-
tion (4.1) for the light ray with the winding number n.
From Eqs. (4.3)-(4.5), (4.7), and (4.8), we get
α¯(θn) =
a¯e
−b¯+2pin
a¯
θ∞
(
θ0n − θn
)
. (4.9)
From Eqs. (4.1) and (4.9), we obtain the image angle
θn(φ) ∼ θ0n +
θ∞e
b¯−2pin
a¯ DOS
(
φ− θ0n
)
a¯DLS
(4.10)
and its Einstein ring angle θEn as
θEn ≡ θn(0) = θ0n
[
1− θ∞e
b¯−2pin
a¯ DOS
a¯DLS
]
. (4.11)
We get the magnification of the image
µn ≡ θn
φ
dθn
dφ
∼
θ2∞DOS
(
1 + e
b¯−2pin
a¯
)
e
b¯−2pin
a¯
a¯DLSφ
, (4.12)
the sum of the magnifications of the infinite numbers of
images
∞∑
n=1
µn ∼
θ2∞DOS
(
1 + e
2pi
a¯ + e
b¯
a¯
)
e
b¯
a¯
a¯DLSφ
(
e
4pi
a¯ − 1
) , (4.13)
the magnification without the outermost image
∞∑
n=2
µn ∼
θ2∞DOS
(
e
4pi
a¯ + e
2pi
a¯ + e
b¯
a¯
)
e
b¯−4pi
a¯
a¯DLSφ
(
e
4pi
a¯ − 1
) , (4.14)
4 It is known that Eq. (4.6) is a good approximation in some
examples by comparing the exact deflection angle even if the
winding number n = 1. See Ref. [90] as an example.
and the ratio of the magnification of the outermost image
to the others
r ≡ µ1∑∞
n=2 µn
∼
(
e
4pi
a¯ − 1
)(
e
2pi
a¯ + e
b¯
a¯
)
e
4pi
a¯ + e
2pi
a¯ + e
b¯
a¯
. (4.15)
The difference of the image angles between the outermost
images and the photon sphere is obtained as
s ≡ θ1 − θ∞ ∼ θ01 − θ0∞ = θ∞e
b¯−2pi
a¯ . (4.16)
B. λ =
√
2/2
For λ =
√
2/2, the deflection angle in the strong de-
flection limit can be expressed by
αdef(θ) =
c¯(
θ
θ∞
− 1
) 1
4
+ d¯+O
((
θ
θ∞
− 1
) 3
4
)
.(4.17)
In this case, we obtain
dαdef
dθ
∣∣∣∣
θ=θ0
n
= − c¯
4θ∞
(
θ0n
θ∞
− 1
)− 5
4
(4.18)
and, from Eqs. (4.4) and (4.17),
θ0n =
[
1 +
(
c¯
2pin− d¯
)4]
θ∞. (4.19)
Thus, from Eqs. (4.3)-(4.5), (4.18), and (4.19), the effec-
tive deflection angle is obtained by
α¯(θn) =
(
2pin− d¯)5
4θ∞c¯4
(
θ0n − θn
)
. (4.20)
From Eqs. (4.1) and (4.20), we get the image angle with
the winding number n
θn(φ) ∼ θ0n +
4c¯4DOSθ∞(φ− θ0n)
(2pin− d¯)5DLS
(4.21)
and the Einstein ring angle
θEn ≡ θn(0) ∼ θ0n
[
1− 4c¯
4DOSθ∞
(2pin− d¯)5DLS
]
. (4.22)
Therefore, we obtain the magnification of the image
µn ≡ θn
φ
dθn
dφ
∼ 4c¯
4DOSθ
2
∞F (n)
DLSφ
, (4.23)
where F (n) defined by
F (n) ≡
1 +
(
c¯
2pin−d¯
)4
(2pin− d¯)5 (4.24)
can be calculated numerically. We can calculate the mag-
nification of the infinite number of images
∞∑
n=1
µn ∼ 4c¯
4DOSθ
2
∞
DLSφ
∞∑
n=1
F (n) (4.25)
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and the sum of the magnifications of the images without
the outermost image
∞∑
n=2
µn ∼ 4c¯
4DOSθ
2
∞
DLSφ
∞∑
n=2
F (n), (4.26)
where
∞∑
n=1
F (n) ∼ 2.6077× 10−5, (4.27)
∞∑
n=2
F (n) ∼ 1.8303× 10−6. (4.28)
Therefore, the ratio of the magnifications of the outer-
most image to the other images is obtained as
r =
µ1∑∞
n=2 µn
∼ F (1)∑∞
n=2 F (n)
= 13.248, (4.29)
where we have used
F (1) ∼ 2.4247× 10−5. (4.30)
The difference of the image angles between the outermost
images and the photon sphere is
s = θ1 − θ∞ ∼ θ01 − θ0∞ =
(
c¯
2pi − d¯
)4
θ∞. (4.31)
V. GRAVITATIONAL LENS UNDER THE
WEAK-FIELD APPROXIMATION
Under a weak-field approximation M/r0 ≪ 1, the line
element is given by
ds2 = −
(
1− 2M
r
)
dt2 +
[
1 +
2M
(
1 + λ2
)
r
]
dr2
+r2
(
dϑ2 + sin2 ϑdϕ2
)
. (5.1)
From Eq. (8.5.8) in Ref. [91], the deflection angle αdef
of a light ray is obtained as
αdef =
4M∗
r0
+O
((
M∗
r0
)2)
(5.2)
where M∗ is
M∗ ≡M
(
1 +
λ2
2
)
. (5.3)
From Eq. (2.21), b/r0 = 1 + O(M/r0) is satisfied. Thus,
the deflection angle is rewritten as
αdef =
4M∗
b
+O
((
M∗
b
)2)
. (5.4)
This is the same as Eq. (2.21) in Ref. [75].
From Eqs. (4.3), (5.4), n = 0, and b = θDOL, the
solution θ = θ±0(φ) of the lens equation (4.1) is given by
θ±0(φ) =
1
2
(
φ±
√
φ2 + 4θ2E0
)
, (5.5)
where θE0 is the angle of an Einstein ring defined as
θE0 ≡ θ+0(0) =
√
4M∗DLS
DOSDOL
. (5.6)
Notice that θ−0(φ) has a negative value and its impact
parameter is also negative. We obtain the magnifications
of the images
µ±0 ≡ θ±0
φ
dθ±0
dφ
=
1
4
(
2± φ√
φ2 + 4θ2E0
±
√
φ2 + 4θ2E0
φ
)
(5.7)
and its total magnification
µ0tot ≡ |µ+0|+ |µ−0|
=
1
2
(
φ√
φ2 + 4θ2E0
+
√
φ2 + 4θ2E0
φ
)
. (5.8)
VI. DISCUSSION AND CONCLUSION
From Secs. I to IV, we have concentrated on an infinite
number of images with positive impact parameters b or
positive image angles θn. The each image has a partner
with a negative impact parameter. The image angle θ−n
and the magnification µ−n of the partner of the image
with θn are given by θ−n ∼ −θn and µ−n ∼ −µn, respec-
tively. Thus, the diameter of the pair images on a sky is
obtained as θn−θ−n ∼ 2θn and the total magnification of
the pair images is given by µntot ≡ |µn|+ |µ−n| ∼ 2 |µn|.
The observables and the parameters a¯, b¯, c¯, and d¯ of the
deflection angle in the strong deflection limit are summa-
rized in Table II.
As shown in Sec V, the gravitational lensing under the
weak-field approximation is not characterized by M but
M∗. Under an assumption that M∗ is constant, the size
of the photon sphere θ∞ monotonically decreases as λ
increases from 0 to
√
2 and θ∞ monotonically increases
as λ increases from
√
2 to ∞. The minimal value of θ∞
is given by 3
√
6M∗/(4DOL) for λ =
√
2. 5
We summarize our result. We have shown that the
Damour-Solodukhin wormhole with two flat regions has
two photon spheres and an antiphoton sphere for λ <√
2/2 and only one photon sphere for λ ≥ √2/2 and the
photon sphere is marginally unstable when λ =
√
2/2.
5 When M is constant, the size of the photon sphere θ∞ monoton-
ically increases as λ increases from 0 to∞ and it takes a constant
and minimum value 3
√
3M/DOL for λ ≤
√
2/2.
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TABLE II. Parameters a¯, b¯, c¯, and d¯ in the deflection angle in the strong deflection limit, the diameters of the innermost
ring 2θ∞, and the outermost ring 2θE1 among rings scattered by the photon sphere, the difference of the radii of the outermost
ring and the innermost ring s = θE1 − θ∞, the magnification of the pair images of the outermost ring µ1tot ∼ 2 |µ1|, the ratio
of the magnification of the outermost ring to the other rings r = µ1/
∑
∞
n=2 µn for given λ. Here we have set DOS = 8kpc,
DOL = 4kpc, DLS = DOS −DOL = 4kpc, M∗ = M
(
1 + λ2/2
)
= 4 × 106M⊙, and the source angle φ = 1 arcsecond for µ1tot.
Notice that the diameter of the Einstein ring 2θE0 = 2.8618 arcsecond and the magnification of a pair of images µ0tot = 1.6807
for the source angle φ = 1 arcsecond do not depend on λ under the weak-field approximation since we make M∗ constant. We
find that 2θ∞ monotonically decreases as λ increases from 0 to
√
2 and it monotonically increases as λ increases from
√
2 to∞
if M∗ is constant.
λ 0 0.4 0.6 0.7
√
2/2 0.71 0.8 1
√
2 5
a¯ 1.0000 1.2127 1.8898 7.0711 −− 15.681 3.0237 2.000 1.6330 1.4286
b¯ −0.4002 −0.7591 −2.8784 −40.837 −− −116.02 −4.8720 −1.3632 −0.77941 −0.7264
c¯ −− −− −− −− 2.5558 −− −− −− −− −−
d¯ −− −− −− −− −2.1078 −− −− −− −− −−
2θ∞ [µas] 51.580 47.759 43.712 41.430 41.264 41.197 39.485 37.436 36.473 38.993
2θE1 [µas] 51.645 47.903 44.055 41.483 41.619 41.214 40.472 38.254 36.955 39.282
s [µas] 0.032277 0.071785 0.17145 0.026439 0.17758 0.0084446 0.49338 0.40913 0.24135 0.14423
µ1tot × 1017 1.6163 2.7495 3.8755 0.15039 3.4162 0.021521 6.4033 7.5878 5.2960 3.8453
r 535.16 177.42 26.996 1.4330 13.248 0.49297 7.1431 22.604 46.476 80.886
We have reexamined that deflection angle in the strong
deflection limit for λ <
√
2/2 and we have extent the
analysis for λ =
√
2/2 and λ >
√
2/2. We have found
that the deflection angle of a light ray reflected by the
marginally unstable photon sphere diverges nonlogarith-
mically in the strong deflection limit for λ =
√
2/2, while
the deflection angle of the light reflected by the photon
sphere diverges logarithmically for λ 6= √2/2. We ex-
pect that our method can be applied for gravitational
lenses by marginally unstable photon spheres of various
compact objects.
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Appendix A: Arnowitt-Deser-Misner masses
Wormholes have two ADMmasses since the ADMmass
is defined in every asymptotically flat region [92]. For
simplicity, we have assumed the equal ADM masses of
the Damour-Solodukhin wormhole. See Visser [44] for
the details of the mass of the wormholes.
We show that MADM = M
(
1 + λ2
)
is the ADM mass
of the wormhole. By using a radial coordinate r∗, which
is given by
r∗ ≡ 1
2
[
r −M (1 + λ2)+√r2 − 2M (1 + λ2) r](A1)
or
r = r∗
[
1 +
M
(
1 + λ2
)
2r∗
]2
, (A2)
the line element (5.1) under the weak field approximation
is rewritten as
ds2 = −
(
1− 2M
r(r∗)
)
dt2
+
[
1 +
2M
(
1 + λ2
)
r∗
] [
dr2∗ + r
2
∗
(
dϑ2 + sin2 ϑdϕ2
)]
.
(A3)
We consider the hypersurfaces Σt, which are surfaces of
constant t with a unit normal nα = −(1−M/r)∂αt. The
induced metric on Σt is obtained as
habdy
adyb =
[
1 +
2M
(
1 + λ2
)
r∗
] [
dr2∗ + r
2
∗
(
dϑ2 + sin2 ϑdϕ2
)]
.
(A4)
The induced metric on a two-sphere St at r∗ = Rt with
a unit normal ra =
[
1 +M(1 + λ2)/r∗
]
∂ar∗ is
σABdθ
AdθB =
[
1 +
2M
(
1 + λ2
)
Rt
]
R2t
(
dϑ2 + sin2 ϑdϕ2
)
.
(A5)
The extrinsic curvature of St embedded in Σt is obtained
as k = σABkAB = r
a
|a = 2
[
Rt − 2M
(
1 + λ2
)]
/R2t ,
where |a is the covariant differentiation on Σt. The ex-
trinsic curvature of St embedded in flat space is given
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by k0 = 2
[
Rt −M
(
1 + λ2
)]
/R2t . The ADM mass is ob-
tained as
MADM ≡ − 1
8pi
lim
St→±∞
∮
St
(k − k0)
√
σd2θ
= M(1 + λ2), (A6)
where σ = R4t sin
2 ϑ. Therefore, the ADM mass is notM
but M(1 + λ2).
Appendix B: Violation of energy conditions
The Ricci tensor and Ricci scalar are given by
Rtt = − M
2λ2
r3(2M − r) , (B1)
Rrr = − (2r − 3M)Mλ
2
r(r − 2M)2 [r − 2M (1 + λ2)] , (B2)
Rϑϑ = − λ
2M
2M − r , (B3)
Rϕϕ = sin2 ϑRϑϑ. (B4)
and
R = − 2M
2λ2
r2(r − 2M)2 , (B5)
respectively. The Einstein tensor is given by
Gt t = 0, (B6)
Grr = −
2Mλ2
r2(r − 2M) , (B7)
Gϑϑ = G
ϕ
ϕ =
M(r −M)λ2
r2(r − 2M)2 . (B8)
The nonzero components of the stress energy tensor
T µν are T tt = −ρ, T rr = p, and T ϑϑ = T ϕϕ = pT, where ρ
is the energy density, p is the radial pressure, and pT is
the tangential pressure.
From the Einstein equation Gµν = 8piT µν , we obtain
ρ = 0, (B9)
p = − Mλ
2
4pir2(r − 2M) , (B10)
pT =
M(r −M)λ2
8pir2(r − 2M)2 . (B11)
The weak, null, and strong energy conditions [44] are
violated everywhere because of ρ+ p < 0.
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